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Quantum Many-Body Systems
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From Kozuma Group (Tokyo Tech)
web page
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It’s a hard problem!
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Fermion: each site is either empty (0) or occupied (1)
    Λ sites:  Hamiltonian is 2Λ✕2Λ matrix
                 huge even for moderately large size Λ
                 cf. quantum computing

Exact solution:  available only for the standard model in 1D 
     (no longer exactly solvable in 2D and higher,
       or by inclusion of next-nearest-neighbor coupling etc.)

Numerical algorithms: great advancements
   (Quantum Monte Carlo, Density-Matrix Renormalization
     Group, Tensor Network, … ) but still challenging
  



Quantum Many-Body Systems
Quantum fluctuations can drive the system at T=0

into different quantum phases, and cause quantum phase 
transitions between quantum phases

E

gap

ground state
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gapless (critical)gapped (off-critical)
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E

ground state

fig. by Subir Sachdev

But there are
 gapless systems
 without any
 apparent fine-tuning…
   (phonons, metals…)



General Principles?
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Symmetries of the model
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U(1) symmetry
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Can we say something about the energy spectrum?



Nambu-Goldstone Theorem
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Spontaneous breaking of a continuous symmetry (e.g. U(1))

Gapless excitations

“slow twist”

e.g. spin waves

gapless (critical)

EThere are many gapless systems
  without a SSB (metals, etc.), however.
Any other mechanism for gaplessness?
yes, if there is also a
    lattice translation invariance
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Lieb-Schultz-Mattis Theorem in 1D 
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Lieb-Schultz-Mattis 1961, M.O.-Yamanaka-Affleck 1997,…
Number of particles: conserved ← U(1) symmetry
Lattice translation symmetry +
                    spatial inversion or time reversal symmetry 

e.g. 1D spinless Hubbard model with periodic b.c. <latexit sha1_base64="2SRDTvNlA4x/iWvtAfRoa96D12U="></latexit>cL ⌘ c0
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LSM Variational Argument
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Ground state
(very complicated — we don’t need to know it exactly
            its EXISTENCE is enough!)
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is a low-energy
                  state

LSM Variational Argument
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          is a low-energy state
different from
if ν is NOT integer!

Does it mean anything?
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Statement of LSM theorem
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Quantum Many-Body System (in 1D) with
 - global U(1) symmetry
                AND
 - lattice translation symmetry
WITH a fractional (non-integer) filling factor ν

 - gapless excitations above the ground state
                           OR
 - multiple, degenerate ground states below gap

 - unique ground state below gap
                “featureless (trivial) insulator”
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Intuitive picture for the LSM theorem:

gapped phase needs the particles to be 
“locked”, and the density of the particles

  must be commensurate with the lattice.

1 particle/

  unit cell

  (= 2 sites)
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Intuitive picture for the LSM theorem:

gapped phase needs the particles to be 
“locked”, and the density of the particles

  must be commensurate with the lattice.

1 particle/

  unit cell

  (= 2 sites)

add extra

  particles

 (“doping”)

mobile carriers



Original LSM paper in 1961

￼13

not about the famous theorem!? 

Main Result:
   Exact solution of 
     S=1/2 XY chain
    by mapping to
    free fermions
(Jordan-Wigner
       transformation)
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Where was the LSM theorem??
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Apparently, the authors themselves did not 
  think the theorem was too important.
They proved the theorem just for S=1/2 chain at
   zero magnetic field…

Perhaps the theorem had drawn little attention
   for more than 20 years after its birth in 1961



Where was the LSM theorem??
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Appendix….

Apparently, the authors themselves did not 
  think the theorem was too important.
They proved the theorem just for S=1/2 chain at
   zero magnetic field…

Perhaps the theorem had drawn little attention
   for more than 20 years after its birth in 1961



Haldane “Conjecture” in 1981
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S=1/2, 3/2, 5/2, …..

Gapless
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✓
1
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S=1, 2, 3…..

Non-vanishing excitation gap (“Haldane gap”)

h~Si · ~Sji / exp

✓
�r

⇠
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Against the “common sense” at the time ⇒ “conjecture”

“Quantum Critical”



Affleck-Lieb 1986
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S: half-odd-integer
   → gapless or
       2-fold g.s. degeneracy

Generalization of the original LSM theorem for S=1/2
   to arbitrary spin quantum number S

integer S : no constraint from LSM
  → may have a unique gapped ground state
       consistent with Haldane conjecture!



Spin System as Many Particles
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Spin S:  Sz = -S, -S+1, … , S-1, S
 
Identify, say, Sz = -S state as “vacuum”
    increase Sz by 1   ⇔  add a particle (magnon)
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Sz
j = �S + nj

<latexit sha1_base64="AXz9is3xWdGFTcQZKLBPXBP76mI="></latexit>

m = hSz
j i = �S + hnji = �S + ⌫

magnetization per site

zero magnetization (ground state of antiferromagnet)
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⌫ = S fractional filling if and
 only if S is half-odd-int

M.O.-Yamanaka-Affleck
                      1997



Why Haldane Gap?
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Standard(?) view:
    topological term of the O(3) non-linear sigma model
    present only for half-odd-integer spin S

Intuitive(?) view:
     half-odd-integer spin S:  fractional (1/2+integer) filling
     integer spin S: integer filling → can be “trivial” insulator
 naturally obtained by generalizing the LSM theorem to
 many particle systems [Yamanaka-MO-Affleck  1997]

zero magnetization (ground state of antiferromagnet)
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Why not in LSM?
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?!
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Perhaps refers to this paper



Why not in LSM?
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?!
Perhaps refers to this paper

But no mention is actually made on
  the generalization of LSM theorem?!



Maybe….
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LSM in 1961 thought they can generalize their theorem
  to general S,
   but then realized the proof “fails” for integer S 
 
So they scrapped the generalization  
  (until Affleck-Lieb paper in 1985,
              but after Haldane conjecture) 

…. perhaps they just missed the clue of
                                  the “Haldane gap”??



Higher Dimensions?
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Energy gain due to the twist
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Anisotropic Limit
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LSM variational argument works, if 
   

<latexit sha1_base64="QTQ5dNd8fZRaedPNdd6zuopvyUk="></latexit>

Ly/Lx ! 0
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Lx, Ly ! 1while                    , as already pointed out in LSM(1961)

But is this really
   2D limit?

Can we show LSM
 for isotropic 2D
  limit?



Many Particles on Periodic Lattice
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For example, consider a many-particle system on the
square lattice of Lx × Ly with periodic boundary conditions
     assume particle number conservation (U(1) symmetry)

Φ

assume that the system is gapped, and consider the 
adiabatic insertion of unit flux quantum through the “hole”

M. O. 2000



Adiabatic Flux Insertion
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Φ

 (i) Increase Aharonov-Bohm flux Φ adiabatically from
         0 to Φ0(=2π)

Hamiltonian for the final state is
  different from the original one, but
  we can 

(ii) eliminate the unit flux quantum by 
the large gauge transformation

UxH(� = 2⇡)Ux
�1 = H(� = 0)

<latexit sha1_base64="xCmIxbWz5OyRnT5l8ZfaCpeoWnc="></latexit>

Ux = exp

 
2⇡i

Lx

X

~r

xn~r

!

| 0i ! | 0
0i

<latexit sha1_base64="Pni6J2OxBIHzdjDq7M7rU8m/GjM="></latexit>

| 0i ! | 0
0i ! Ux| 0

0i

<latexit sha1_base64="9S20FlASqOsk7hUghdK+tWee39k="></latexit>

variational argument replaced 
             by adiabatic process



Large Gauge Transformation
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Momentum Shift
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total number of particles
(conserved)

We are usually interested in the thermodynamic limit
    for a fixed particle density (particle # / unit cell) ν

 Suppose                and choose Ly to be a coprime with q⌫ =
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Lattice momentum is defined modulo 2π
   momentum shifted if q ≠ 1 (fractional filling)
The final state is different from the initial ground state
   ⇒ ground-state degeneracy!



LSM in arbitrary dimensions
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Periodic (translation invariant) lattice ⇒ unit cell

U(1) symmetry ⇒ conserved particle number
ν : number of particle per unit cell (filling fraction)

ν = p/q    ⇒  

   - system is gapless
OR
   - gapped with q-fold degenerate ground states
     gapped with unique ground state

“ingappability”

must be in a nontrivial phase!

LSM 1961, Affleck-Lieb 1985,M.O.-Yamanaka-Affleck 1997,
　　　　　　M. O. 2000, Hastings 2004,…



Recent Developments
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Non-symmorphic lattice with “glide symmetry”:
    “effective unit cell” is half of the unit cell

⌫e↵ =
⌫

2

LSMOH-type restriction
   even when ⌫ 2 Z



Crystallographic Symmetries

￼30



LSM for Discrete Symmetry?

￼31

Proofs/arguments for the original LSM do not work

1D LSM
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Adiabatic insertion of magnetic flux
    (U(1) gauge field)

Lieb-Schultz-Mattis
1961

M.O. 2000
Hastings 2004～



LSM for Discrete Symmetry?

￼31

Proofs/arguments for the original LSM do not work

1D LSM
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LSM for Discrete Symmetry

￼32

[1D] 
  MPS-based “proof”  Chen-Gu-Wen 2011
  Field-theory argument Fuji 2014
  Mathematical proof  Ogata-Tachikawa-Tasaki 2020

[2D and higher]
  Many statements for space group symmetries etc.
  Po-Watanabe-Jian-Zalatel 2017, Else-Thorngren 2020
  But the argument is either at abstract level, or relying on
        Schmidt decomposition (OK for fixed width but…) 
        or “trivial” degeneracy of odd-site sytems
                       Watanabe-Po-Vishwanath-Zalatel 2015
   So we will try to give a convincing physics argument…
 



Rigorous Proof for 1D in 2020
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Example: XYZ model
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 “XYZ” spin model on the square lattice of size L1 ✕ L2
<latexit sha1_base64="hIPcZBN69rFL6qHIrXfp1+Q1v4k="></latexit>
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We can “twist” the boundary condition along x-direction
   by π-rotation about z-axis 

On-site discrete symmetry of Z2 ✕ Z2 (dihedral sym.)
   (π-rotation of spins about x, y, and z axes)
Lattice translation symmetry T1, T2

Yuan Yao (ISSP→RIKEN) & M.O.
                      arXiv:2010.09244



Twisted Boundary Condition
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Two Symmetries under the Twisted BC 
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The two symmetry operators anticommute
  if S is half-odd-integer and L2 is chosen to be odd

Ground states (and all the eigenstates)
  of the Hamiltonian under the twisted b.c.
  are exactly two-fold degenerate!

 Hirano-Katsura-Hatsugai 2008
for U(1) symmetric systems



What Does This Mean?
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This argument does not apply directly to periodic b.c.
If the degeneracy is only an artifact of the twisted b.c.
  it would not mean much. 

But we argue that the degeneracy is “robust”
       and present also for the periodic b.c.



Physical (Hand-Waving) Argument
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If the ground state is gapped and unique under
the periodic b.c., the system should not have any order 
(conventional or topological). The absence of the order
implies that the system should be insensitive to the twist
of the b.c. (in a large enough system)

Therefore, the exact ground-state degeneracy under the
   twisted b.c. does imply some order (conventional or
   topological), and the (quasi) ground-state degeneracy 
under the periodic b.c.



More Formal (Less Hand-Waving?) Approach
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space

imaginary time

<latexit sha1_base64="0ncPFyoWOXeR7DxIKuFLMx+HtbE="></latexit>

Z = Tre��H ⇠ Tr
⇣
e��HA/Ne��HB/N

⌘N

Trotter-Suzuki decomposition
   → path integral formulation
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H
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H̃

“Quantum Transfer Matrix”
  along spatial direction
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T = e�H̃
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Z = Tre�L1H̃

Betsuyaku 1984



Twisted BC and QTM

￼40

<latexit sha1_base64="SGitzLEXHGz5s6Bf9eYSOqxAj5k="></latexit>

H̃

global symmetry operator
(π-rotation about z)
      unitary
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Ztwist = Tr
⇣
R̃⇡

z e
�L1H̃

⌘

<latexit sha1_base64="lTJ5mzW3RylVdPAD8hf+3XlOvj4="></latexit>

R̃⇡
z

cf.) “topological defect line” in CFT



Proof* by Contradiction
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Suppose that the ground-state of the original Hamiltonian
  is gapped and unique under the periodic b.c.
→ the “ground state”       of the QTM Hamiltonian     must
     be also unique
(cf. zero-temperature entropy in the thermodynamic limit)
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| ̃0i
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H̃

Symmetry of     
  → the “ground state” is also an eigenstate of 
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H̃
<latexit sha1_base64="lTJ5mzW3RylVdPAD8hf+3XlOvj4="></latexit>

R̃⇡
z
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R̃⇡
z | ̃0i = ⇣0| ̃0i

<latexit sha1_base64="PDgD9niPejXph0RHenSBey7OZ+U="></latexit>

|⇣0| = 1
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Ztwist ⇠ h ̃0|R̃⇡
z e

�L1H̃| ̃0i = ⇣0Z
PBC

up to exponentially small corrections
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⇣0 = 1



Proof* by Contradiction
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up to exponentially small corrections
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Ztwist ⇠ ZPBC

Then the zero-temperature entropy in the thermodynamic
  limit must be zero under the twisted b.c.
 →              must have a unique ground state
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H
twist

Contradiction with the exact ground-state degeneracy
   of        
→ assumption (unique gapped g.s. of     ) was wrong
→       with the periodic b.c. must have degenerate ground 
states!

*:  not really rigorous
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 Thermodynamic Limit
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Free energy density in the thermodynamic limit
         at a fixed temperature

Ruelle “Statistical Mechanics: rigorous results” 1988



Thermodynamic Limit
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But we need  
<latexit sha1_base64="TTGQ/98IcINv2rOk5jbDm1cg8TI="></latexit>

logZ(�, L) ⇠ log d+ ✏0�L+O(exponentially small)

the O(1) quantity log d to be well-defined
        in the limit  β～L → ∞

cf.) “topological entanglement entropy”
               Kitaev-Preskill / Levin-Wen

zero-temperature entropy
   given by g.s. degeneracy d

Furukawa-Misguich 2007



What We Have Shown
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⇒ for half-odd-integer spin (and L2 is odd),

  if the system is gapped, the ground-state must be
  degenerate under the periodic b.c.
     implying (conventional or topological) order

As a simple example, consider “XYZ” spin model
  on the square lattice of the size L1 ✕ L2

<latexit sha1_base64="hIPcZBN69rFL6qHIrXfp1+Q1v4k="></latexit>
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y
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z
~rS

z
~r0
�

On-site discrete symmetry of Z2 ✕ Z2

   (π-rotation of spins about x, y, and z axes)
Lattice translation symmetry T1, T2



Generalizations and Limitations
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Similar constraint if the “spins” within the unit cell
   transforms a projective representation of the symmetry

   SU(N) symmetry etc.

We can often obtain the ground state degeneracy > 2
  for the twisted b.c., but at present we cannot deduce
  the number of ground states for the periodic b.c.
  (other than it must be > 1). Maybe the number of the
 degenerate ground states under the twisted b.c. is also
 robust??



Summary
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- Lieb-Schultz-Mattis theorem is one of the few very 
general yet powerful constraints on quantum 
many-body systems

- Started as a humble result in an Appendix and had 
been overlooked for many years, its generality has 
been gradually appreciated

- Active topic of research for generalization, rigorous 
proof, etc. (related to anomaly in field theory, 
topological phases,….) also in recent years


