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Conformal Field Theory
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Scale Invariance at the Critical Point

Locality of the Hamiltonian/Action

Invariance under conformal transformation
              (locally different scale transformation)

What can we deduce from the ∞-dimensional symmetry?
                                 “Conformal Field Theory (CFT)”

1+1 Dimension:  
   conformal transformation ⇔ complex analytic function

∞-dimensional “symmetry” (Virasoro Algebra)



Free Boson CFT
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Also known as “Tomonaga-Luttinger Liquid”
   in condensed matter physics!
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This Talk
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I will discuss some of the applications of the CFT
  to condensed matter/statistical physics (in 1+1 Dim)
  focusing on 
      free boson CFT (aka Tomonaga-Luttinger Liquid)

Most of the “theory” part is rather old

But we are seeing interesting developments,
  thanks to recent advances in numerical algorithms



BKT Transition
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BKT 
transition

TBKT
T

Low-T (BKT) Phase High-T (Disordered) Phase
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power-law decay exponential decay

Classical 2D XY model

<latexit sha1_base64="Exl6FDVxTwAywdaDDopZmi3y5vo="></latexit>

~sj = (cos ✓j , sin ✓j)



￼6

Prototype: Berezinskii-Kosterlitz-Thouless Transition

Canonical model: 2D classical XY model



Vortex in the 2D XY model
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XY spin goes back to itself by 2π-rotation ⇒ 

                                        existence of defect (vortex)

vortex antivortex
attraction



BKT Transition
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Low-T phase：vortex and antivortex form a pair

　 cf.) formation of atoms by nuclei and electrons
vortices are effectively absent at lengthscales larger than the pair size
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High-T phase：vortices/antivortices dissociate from pairs and

   move freely 
    cf.) plasma state formed by dissociation of nuclei/electrons
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Sine-Gordon Field Theory for BKT
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Kosterlitz RG Flow
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vortex fugacity

spin-wave stiffness

Luttinger parameter K=2 (vortex operator marginal)



Why CFT?
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Free boson CFT is exactly solvable (Gaussian free field)

Actually, the BKT transition was predicted and
  the Kosterlitz RG flow was derived without
   CFT techniques

Nevertheless, numerical study of the BKT transition
 is rather challenging (even though it is “well-understood”)
 and CFT ideas turn out to be practically very useful!



2D XY Model
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- Classical spin model with positive Boltzmann weight 
     ⇒ no sign problem

- Just 2 dimensions
- Efficient cluster algorithms available

Easily studied with Monte Carlo, right?
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finite-size scaling of Tc
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finite-size scaling of Tc
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finite-size scaling of Tc
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largest system:
  L=65536
calculation using 256GPUs



Kosterlitz RG Flow
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vortex fugacity

spin-wave stiffness

BKT transition: 
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Should We Care?
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The “brute-force” calculation already gives Tc for 3 digits,
  which might be enough in practice

However, in order to elucidate more complicated systems,
  it is highly desirable to develop a more efficient method
  (even the universality class can be controversial!) 

We already know the exact exponents at the BKT
  transition, thanks to RG (or CFT)
But for “practical” purposes, determination of the critical
  point (which is non-universal) can be important



CFT for 1+1D Quantum Systems

￼16

Interestingly, the difficulty of the logarithmic corrections
  in numerics was “solved” first for 1+1D quantum systems

In condensed matter physics, a quantum system
  are usually defined in terms of a Hamiltonian 

In CFT, we can formulate the spectrum of the Hamiltonian
   by a conformal mapping between
                             a cylinder and infinite plane



State-Operator Correspondence
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The conformal mapping also implies a one-to-one
  correspondence between quantum states and operators

Energy eigenvalue of a finite system (under periodic b.c.)
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L: system size (length) 
xn: scaling dimension of the (primary) operator

Scaling dimensions (critical exponents)
   can be extracted from the spectrum!

[Cardy 1984]



Spectrum of Perturbed CFT

￼18

<latexit sha1_base64="MdeI4zyETkBgEKHo1mOwSNKcXas="></latexit>

H = HCFT +
X

n

yn

Z
�n(r) dr

<latexit sha1_base64="IRiuewqffmCBwNZvG+DYExprLQA="></latexit>

En � E0 =
2⇡

L

 
xn +

X

m

cnnmymL2�xm + . . .

!

[Cardy 1986]

The coefficients of the perturbations can be also
  extracted from the finite-size spectrum!

clmn : Operator Product Expansion coefficient
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BKT Transition in S=1/2 XXZ Chain

￼19

<latexit sha1_base64="y7Sh/nnmqcTNeywhSV4MIXIU+bI="></latexit>

H =
X

j

�
Sx
j S

x
j+1 + Sy

j S
y
j+1 +�Sz

j S
z
j+1

�

<latexit sha1_base64="w1khD5Y4pRp7v3ha+6qExP4MN2Q="></latexit>

cos 2� ⇠ (�1)j ~Sj · ~Sj+1

Single vortex creation/annihilation operator
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Forbidden in Hamiltonian by the translation symmetry!
  (Haldane 1980 → “Haldane conjecture”
    related to Lieb-Schultz-Mattis theorem etc.)

The leading (most relevant) perturbation is thus
   double vortex creation/annihilation op.
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BTK Transition in S=1/2 XXZ Chain

￼20

double vortex
fugacity

spin-wave stiffness

Luttinger parameter K=1/2 
(double vortex operator marginal)

<latexit sha1_base64="OHi9Mpz0okYsSjU9nHuxFN1gVlg=">AAADTnichVLNahRBEK5M/Fk3ala9CF4al5WIuPQsoiIIQT0IUczfbgKZOPRMerNNemaant6FtZkX8AU8eFLwID6GF8GLFw95hJCTRBT8QWtmB4OGNd3MdNXX9VX119WBkiI1lG5POJNHjh47XjlRnTp56vR07czZTpr0dcjbYSITvRqwlEsR87YRRvJVpTmLAslXgq27+f7KgOtUJPGyGSq+HrHNWHRFyAxCfo17ETO9kEn7IC O3idfVLLRuZlueEmQuIzOeYtoIJn0v6hNP9cTlx63qVTL07R/mXDYmjlzBuA7pEL9Wp01aDHLQcEujDuWYT2o74MEGJBBCHyLgEINBWwKDFOcauEBBIbYOFjGNlij2OWRQRW4fozhGMES38L+J3lqJxujnOdOCHWIViZ9GJoEG/Uhf0z36jr6hO/TH2Fy2yJGfZYhrMOJy5U8/Pb/09VBWhKuB3j4LGY2xnABndIguA124WegRqE8VSK40HNUYPHm2t3RrsWEv0Zd0FzW+oNv0LaqMB5/DVwt88fl/zrxf/R76oy5otB6WKh4hgyOSe/k9WoxcLu7Tlms1n/gI3H9bftDotJru9WZr4Vp99k75HCpwAS7CDPb8BszCfZiHNp7iPXyCb/Dd+eB8cX46v0ahzkTJOQd/jcnKb+mKylw=</latexit>

L =
1

2⇡K
(@µ�)

2 � yK(@µ�)
2 + yV V

<latexit sha1_base64="NrOOg6iwyGCFsOcqwRk+fTSwOzU="></latexit>

V = cos 4�



BKT Transition in S=1/2 XXZ Chain
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BKT transition at Δ=1 (SU(2) symmetric point)
IR fixed point at the BKT transition:
   Free boson (Tomonaga-Luttinger Liquid) at K=1/2
     equivalent to Level 1 SU(2) Wess-Zumino-Witten

Effective theory in the vicinity of the BKT transition
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Level Spectroscopy
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Determination of the critical point from the
  finite-size spectrum [Okamoto-Nomura 1994, …]

“Double vortex” BKT transition at K=1/2 can be identified
    by SU(2) symmetry of the finite-size spectrum!
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State-operator correspondence and
   Finite-Size Scaling in CFT

BKT transition ⇔
            Energy levels form SU(2) singlet, triplet, …

[Cardy 1984, 1986]



1D S=1/2 XXZ vs 2D Classical XY
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Level Spectroscopy for 2D Stat Mech
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Level spectroscopy has been developed for quantum 1D,
      but why not for 2D stat mech models (such as XY)??

1D quantum Hamiltonian ⇔
          Transfer matrix for 2D stat mech

Continuous spin:  
      “infinite dimensional local Hilbert space”
      can be discretized, but still the dimension is too
      large for exact diagonalization
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Atsushi Ueda



Level Spectroscopy for 2D Stat Mech
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Level spectroscopy has been developed for quantum 1D,
      but why not for 2D stat mech models (such as XY)??

1D quantum Hamiltonian ⇔
          Transfer matrix for 2D stat mech

Transfer matrix still “too large” to be diagonalized
     ⇒ we utilize Tensor Network Renormalization

　　　　                                  (We used Loop-TNR)

Continuous spin: series expansion of Boltzmann weight

the series may be
truncated to -15≦n≦15



TNR Construction of Transfer Matrix
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after n steps, a single tensor represents 
  a square block of linear size L = √2n 

contract horizontal indices
  ⇒ transfer matrix in vertical direction



Identifying Tc with Level Crossing
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Remaining Finite-Size Effect
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Level crossing point
weakly depends on the
system size L

Effect of irrelevant
perturbations
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T: holomorphic part of the
   energy-momentum tensor 
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Dependence on Bond Dimension D
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Our final estimate
Tc=0.892943(2)



Effect of Finite Bond-Dimension
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Finite bond dimension D ⇔ finite “correlation length”
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Tc dependence on D
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D=48 gives ξ～54

 enough for up to L=32

D=28 gives ξ～26

 too small for L=32 
 BUT….



Tc dependence on D

￼33

D=48 gives ξ～54

 enough for up to L=32

D=28 gives ξ～26

 too small for L=32 
 BUT….

10-4

comparable to the error
in the best existing estimates!

∼



Error in (Loop-)TNR
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(Loop-)TNR is often used to construct the “fixed point”
   tensor, which would describe the large scale behaviors,
   by iterating TNR many times
This approach has given accurate results for large systems, 
but small errors due to the finite bond dimension remain
                                      [A. Ueda & M.O., in preparation]
In our approach, we study the spectrum of finite-size 
systems with TNR. TNR is almost exact when the system 
size is less than the effective correlation length.

TNR calculation of the finite-size spectrum
    + Level Spectroscopy →  better accuracy



Estimates of Tc
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Kosterlitz RG Flow
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vortex fugacity

spin-wave stiffness

You must have seen this diagram many times….



Kosterlitz RG Flow
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vortex fugacity

spin-wave stiffness

You must have seen this diagram many times….

but have you really seen the RG flow?
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“vacuum energy” under the twisted boundary condition
       with the twist angle θ  [notation clash…] 



Extrapolating Lukyanov’s Result
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In our notations, the energy levels would be given by
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Energy Levels up to 2nd Order
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- split between                   should be odd in
- SU(2) triplet should be formed on 

            the BKT transition line 
⇒  uniquely determines the energy levels up to O(y2)
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Obtaining Running Coupling Constants
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We can estimate yK & yV from the finite-size energy levels

Less accuracy than Tc, but we can apply to larger systems
   (up to L=512)



Visualization of Kosterlitz RG Flow!
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L=16
32
64

128
256
512



Conclusions (Part 1)
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TNR + Level Spectroscopy (finite size scaling of CFT)
  allows
    - super accurate determination of BKT critical point
    - visualization of Kosterlitz RG flow by extraction of
        running coupling constants from the spectrum
for continuous valued 2D classical spin system such as XY 
model

Future: extension/application to more nontrivial
             systems & unknown physics
                                             (stay tuned!)



Boundary CFT
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Critical system in 1+1D with a boundary:
     invariance under conformal mapping which
      preserves the boundary:  “real analytic function”

Still infinite dimensional symmetry
                              (Virasoro algebra)

For a given CFT, there are several conformally invariant
   boundary conditions, which correspond to
    fixed points of “boundary RG flow”



Boundary State
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boundary condition ⇔ boundary state
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BCFT Partition Function
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Cardy Condition
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Rational or Irrational?
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Rational CFT:  
   CFT with a finite number of primary fields
   (representation of Virasoro algebra)

Irrational CFT:  
   CFT with an infinite number of primary fields

<latexit sha1_base64="5s273Jy/pc4tPxwkY02RmwLBsPM="></latexit>1
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Classification of conformal b.c. : generally unknown



Free Boson: Irrational CFT!
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Tomonaga-Luttinger Liquid

In 1D, all the low-energy excitations in

  the interacting electron system can be

  described in terms of “phonons” (free bosons)

S. Tomonaga

equivalent to (quantized) vibrating “string” 
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Tomonaga-Luttinger Liquid
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The free boson theory appears trivial---

                  but it contains rich physics!

Luttinger parameter K represents the strength

   of quantum fluctuation, and reflects the

   electron interactions

K = ∞

super-

condutor

K = 0

Wigner

crystal

K = 1

free fermion

K > 1

attractive

  interaction

K < 1

repulsive

  interaction



Junction of 2 quantum wires
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tunneling

For non-interacting electrons:
transmission probability:

   continuous function of the tunneling amplitude
conductance also depends continuously

    on the tunneling amplitude

However, we will see that the interaction

   fundamentally changes the physics!

Kane-Fisher (1992), Furusaki-Nagaosa (1993)



Field theory on the junction 
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“fold” the system at the junction

two-component boson field theory

charge conservation at the junction

              “kills” the total charge mode

boundary problem of a single-component

       free boson field theory (c=1 CFT)



Boundary condition of free boson
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In the low-energy limit, the boundary

 condition approaches to a 

   conformally invariant boundary condition

Known conformally invariant boundary conditions:

Neumann b.c.

Dirichlet b.c.

Disconnected

   wires

Perfect transmission

(merged to

      a single wire)



Phase diagram for 2 wires
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perfect wire

(Dirichlet for θ)

disconnected

(Neumann for θ)

K
K=1

tunneling

backscattering

Non-Fermi Liquid

behavior for g ≠ 1 !



Complete Set of BC?
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From the RG analysis, there was no indication that
  nontrivial conformally invariant b.c. exists

The conformally invariant boundary conditions for
  the c=1 free boson CFT are exhausted by
  Dirichlet, Neumann (and their SU(2) rotation?)
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Is this really physical?  (Dirichlet/Neumann has non-
negative integer coefficients)



Phase diagram for 2 wires
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perfect wire

(Dirichlet for θ)

disconnected

(Neumann for θ)

K
K=1

tunneling

backscattering

Non-Fermi Liquid

behavior for g ≠ 1 !
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“conformal mapping”
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Issues

￼61

At short lengthscale, the boundary is not yet
  conformally invariant (boundary RG flow)

Need to construct the “mirror image” of the
  boundary (junction) carefully

Crossover of correlation functions (UV → IR)
  cannot be studied faithfully 
  which are based on the conformal mapping

Effective system size = “max chord distance”
<latexit sha1_base64="hTHAs8xYrRazLScPz19pZrvHic4="></latexit>

l
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Calculation without the conformal mapping?
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infinite DMRG
+ finite window

2L ≦ 400

Window size
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Junction of 2 Inequivalent TLLs
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tunneling

α
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Junction of 2 Inequivalent TLLs
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Field theory on a 3-wires junction
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“fold” the system at the junction

3-component boson field theory

charge conservation at the junction

              “kills” the total charge mode

boundary problem of a 2-component

       free boson field theory (c=2 CFT) of 



Non-trivial Boundary Conditions
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For c ≧ 2 free boson CFT,
  there are nontrivial conformally invariant boundary
  conditions (satisfying the original Cardy condition)
  other than Neumann/Dirichlet!

oblique compactification
lattice for c=2
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RG argument
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Necessity from the RG argument
   Affleck-Ludwig 1991, Furusaki-Nagosa 1993, Yi-Kane 1997 etc.

when the “compactification lattice”
is oblique, Dirichlet & Neumann
can be stable or unstable 
 simultaneously

intermediate RG fixed point
= nontrivial conformally
   invariant boundary cond.



Fusion Construction
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Given a consistent conformal b.c.  A
<latexit sha1_base64="m5itXnZjLp+bSRDYyFlj46gNhbM="></latexit>

ZAA =
X

i

ni
AA�i(q)

new consistent b.c. B can be constructed by fusion

<latexit sha1_base64="pMvcmsHrIzc027MLE7abWD08AYA="></latexit>

ni
AB =

X

j

N i
jkn

j
AA

<latexit sha1_base64="PnJIJ4qq/5HekeRv750l75TRGMQ="></latexit>

ciB = ciA
Si
k

Si
0

fusion with primary field k
 using modular S-matrix

<latexit sha1_base64="nzc1oGQWNoiM+sxdarGJ9J8/CbM="></latexit>X

j

Si
jN

j
kl =

Si
kS

i
l

Si
0

Verlinde formula

fusion rule coefficient for OPE

<latexit sha1_base64="lkQLB+KaMdfD4wu868TcJc0AOCg="></latexit>

�i(q̃) =
X

j

Sj
i �j(q)

<latexit sha1_base64="TbXjoT7V3cbQucIHLogyfJjDNsY=">AAADUHichVI7b9NQFP7i8GjdQlNYKrFYREFM0UlVAWKqgIEF6CttRVMs271NL/EL+yaiXGVl4A8wMIHEgGCFP8DCjNShPwExFokOleDYsVSFquFa9nnc853H5+PGvkwV0X7JKJ85e+782Lg5MXnh4lRl+tJqGnUTTzS9yI+SdddJhS9D0VRS+WI9ToQTuL5Yczt3s/u1nkhSGYUrajcWm4HTDuW29BzFLrtiPXwibf2007daMr RagaN2XFc/7tu61RbPLOrblSrVKT/WSaVRKFUUZyGaLk2ihS1E8NBFAIEQinUfDlJ+NtAAIWbfJjT7EtZkfi/Qh8nYLkcJjnDY2+Fvm62NwhuyneVMc7THVXx+E0ZaqNEefaAD+kYf6QcdcS4TtVPzbaHHdWO+G875fCireWpHOkdlE+2ydAcdiNieejWz/Pu/qIClws4xakSvmrO7jBjNjsI2buUTSJ4ozj0ZX96gRu/F64Pl20s1fY3e0U9m6i3t01fmKuz98t4viqU3I3o+rn6P7cG/TFh7UEzxiBGCPZmV8aY5ciXnTxcy49HkXWr8uzknldXZeuNGfW5xrjp/p9iqMVzBVVznzbmJedzHAprcxUt8wmd8Mb4bh8afcmkQahQSlzF0yuZfdt29hQ==</latexit>

N i
jk 2 Z�0



Nontrival c=2 Partition Function
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c=2 free boson CFT with
  a special compactification lattice
admits conformal embedding
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Alternative Embedding
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Z3(5) + (Potts = Z3(4) )
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In either embedding, we can apply fusion construction
  in each sector to possibly obtain new boundary states
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“Zoo” of Conformal B.C.
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Presumably incomplete

In fact, the conformal embedding works only for
  a special compactification (Luttinger parameter)
  but the similar conformal boundary condition should
  exist for a range of parameters

Classification of conformally
 invariant boundary conditions
 for irrational CFTs?



￼75

<latexit sha1_base64="fR3zL6BPSPFgP3G9f88MQuB3sL0="></latexit>

SU(2)3 ⇥ Z(5)
3

<latexit sha1_base64="2XAUYxnNAsWZUvWAuBNUp+mpgVA="></latexit>

3 = 2 + 1 = 1 +
4

5
+

6

5

<latexit sha1_base64="3kDNBqx0D6a5tvHKza4Ys+vXH/8="></latexit>

3 =
9

5
+

6

5



￼76



￼77

“K” = Y   (3-channel Kondo, Yi-Kane)
“C” = F   (Chiral)



Where’s the Fermi statistics?
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Answer: YES　for the junction of 2 wires

  (same result for the hard-core boson)

electrons are fermions !

   can we really reduce the junction to the

   problem of the free boson?

However, the Fermi statistics does play

  a crucial role in the junction of 3 wires



Fermi statistics is essential!

Fermi statistics

                  (-1)
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Conjectured
RG Flow Diagram
for 1 < K < 3

chiral χ±
 exact solution
 (chiral rotation of
  Dirichlet/Neumann)
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Rahmani, Hou et al. 2012

Chiral fixed point
 agree w/ 
 BCFT prediction



M Fixed Point
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Chiral F.P. in iDMRG+Window
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C.-Y. Lo, Y.-J. Kao, P. Chen et al., preliminary unpublished



M Fixed Point in iDMRG+Window
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C.-Y. Lo, Y.-J. Kao, P. Chen et al., 
preliminary unpublished
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Dp Fixed Point
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C.-Y. Lo, Y.-J. Kao, P. Chen et al., 
preliminary unpublished



Conclusions (Part 2)
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Classification of conformally invariant
   boundary conditions of irrational CFTs:
     open problem (generally unknown)
In particular, c≧2 free boson CFTs 
   (multicomponent TLLs) have various nontrivial
   conformal boundary conditions with many applications

A few known exact solutions, and many more
  presumed to exist from RG arguments

Refined numerical methods can help verifying
   predictions and discovering more 
  


