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Prototype: Berezinskii-Kosterlitz-Thouless Transition

Canonical model: 2D classical XY model

“easy” to simulate by
 Monte Carlo?
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finite-size scaling of Tc
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finite-size scaling of Tc
<latexit sha1_base64="uOFgcZK/6E/e1QrQRkVQloKR2uc="></latexit>

l = ln bL
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finite-size scaling of Tc
<latexit sha1_base64="uOFgcZK/6E/e1QrQRkVQloKR2uc="></latexit>

l = ln bL

largest system:
  L=65536
calculation using 256GPUs



Kosterlitz RG Flow
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vortex fugacity

spin-wave stiffness

BKT transition: 
<latexit sha1_base64="heVwN66Hi+W8FHQE+JVL+D1I6VA="></latexit>yV = yK = g
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g ⇠ 1

l
⇠ 1

lnL

slow decay
 ↓
log-corrections



BKT Transition in S=1/2 XXZ Chain
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BKT transition at Δ=1 (SU(2) symmetric point)

Effective theory in the vicinity of the BKT transition

<latexit sha1_base64="JOcvBEJRiBfZaOWRJmUZFyHE5Tw="></latexit>

yV = g + t, yK = g � t

BKT transition ⇔ t=0 ⇔ SU(2) symmetry



Level Spectroscopy
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Determination of the critical point from the
  finite-size spectrum [Okamoto-Nomura 1994]

BKT transition can be identified by SU(2) symmetry
  of the finite-size spectrum!!

<latexit sha1_base64="IRiuewqffmCBwNZvG+DYExprLQA="></latexit>
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!
State-operator correspondence in CFT

BKT transition ⇔
            Energy levels form SU(2) singlet, triplet, …



1D S=1/2 XXZ vs 2D Classical XY
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S=1/2 XXZ

K=1/2 (SU(2)1 WZW)
<latexit sha1_base64="s7K1zxgJrcr45X21kpDUZWnFabs="></latexit>

V ⇠ cos 4�

double vortex op.
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nx ⇠ cos ✓, ny ⇠ sin ✓, nz ⇠ sin 4�

SU(2) triplet (degenerate at BKT)

Classical XY
K=2 

<latexit sha1_base64="lk/5TGeGyCni/n2SO2cwDT132hk="></latexit>

V ⇠ cos 2�

single vortex op.
<latexit sha1_base64="F4tuXT9DJnghzCg1OUrYxV5IOpg="></latexit>

cos 2✓, sin 2✓, sin�

half-vortex op.
(eigenstate under
antiperiodic b.c.)

<latexit sha1_base64="Xnl3DTsF/uii33QML+G3eIV/E3I="></latexit>
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Kitazawa-Nomura 1998



Level Spectroscopy for 2D Stat Mech
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Level spectroscopy has been developed for quantum 1D

1D quantum Hamiltonian ⇔
          Transfer matrix for 2D stat mech

Transfer matrix still “too large” to be diagonalized
     ⇒ we utilize Tensor Network Renormalization

Continuous spin: series expansion of Boltzmann weight



TNR Construction of Transfer Matrix
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after n steps, a single tensor represents 
  a square block of linear size L = √2n 

contract horizontal indices
  ⇒ transfer matrix in vertical direction



Level Crossing
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<latexit sha1_base64="KLTyz3tl5t8wS/rAlaG/vCPuCo0="></latexit>

cos 2✓, sin 2✓

<latexit sha1_base64="jISPJ4q6XAozj1dKrryT4c3O9oU="></latexit>

sin�

extra degeneracy
forming SU(2) triplet
 ～ BKT transition

This procedure eliminates
logarithmic corrections
to all orders in g



Remaining Finite-Size Effect
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Level crossing point
weakly depends on the
system size L

Effect of irrelevant
perturbations

<latexit sha1_base64="U5padq/cEAOlBDd6Jhrhoj9bWFE="></latexit>

T 2, T̄ 2, T T̄ , . . .

T: holomorphic part of the
   energy-momentum tensor 

<latexit sha1_base64="6ljYSleorfrsDdYry07ya+xRy/k="></latexit>

T ⇤ ⇠ Tc + const.
1

L2

Extrapolate to L=∞

L=4,8,16,32



Effect of Finite Bond-Dimension
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Finite bond dimension D ⇔ finite “correlation length”
<latexit sha1_base64="QLmdaB6NVFEUp2jsVV0nu0WN5hs="></latexit>

⇠D ⇠ 0.3D
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12
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⌘ [Pollmann et al. 2008]

<latexit sha1_base64="MOWIBwwj3NQG3DySSfOuCdB4jUQ="></latexit>

⇠D > L low-energy spectrum almost exact!
<latexit sha1_base64="pKfyJiu+XyDe0WPdzjt+VBVkGsY="></latexit>

⇠D < L low-energy spectrum still reasonably accurate,
  but some error due to the finite D

cf.) “fixed point tensor” from TNR



Tc dependence on D
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D=48 gives ξ～54

 enough for up to L=32

D=28 gives ξ～26

 too small for L=32 
 BUT….



Tc dependence on D
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D=48 gives ξ～54

 enough for up to L=32

D=28 gives ξ～26

 too small for L=32 
 BUT….

10-4

comparable to the error
in the best existing estimates!

∼



Estimates of Tc
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Extraction of Couplings
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Energy levels vs marginal perturbations
<latexit sha1_base64="s67a/M2b/iu9viQyHBbpL/0IvZ0="></latexit>

En � E0 =
2⇡

L
xn

⇒ estimate yK & yV from the finite-size energy levels

Less accuracy than Tc, but then can apply to larger systems
   (up to L=512)

[Lukyanov 1998]



Visualization of Kosterlitz RG Flow!
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Conclusions
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TNR + Level Spectroscopy (finite size scaling of CFT)
  allows
    - super accurate determination of BKT critical point
    - visualization of Kosterlitz RG flow by extraction of
        running coupling constants from the spectrum
for continuous valued 2D classical spin system such as XY 
model

Future: extension/application to more nontrivial
             systems & unknown physics
                                             (stay tuned!)


