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AKLT and Beyond:
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30 years of “AKLT”!
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application of CFT including
    quantum critical behavior of spin chains
     and universal behavior of quantum impurity systems

AKLT: non-critical (gapped) phase of spin chains
    not included(!) in the citation of the Onsager Prize…

to recognize outstanding research
in theoretical statistical physics
including the quantum fluids

talks by Eggert, Sirker, Giuliano, Pereira, …..



Haldane “Conjecture”
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Heisenberg antiferromagnetic chain

S=1/2, 3/2, 5/2........
 “critical”: gapless, power-law decay of spin 
correlations 
(known for S=1/2 from Bethe Ansatz exact solution)

S=1, 2, 3, .....
“disordered”: non-zero gap, exponential 
decay of spin correlations

against the “common sense” at that time 

[Haldane 1981]



AKLT Model&State
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Exact ground state: AKLT (Valence-Bond-Solid, VBS) state



AKLT realizes Haldane “Conjecture”
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Exact correlation function shows the exponential decay!

Presence of the non-zero gap is proved!

Exact/rigorous proof of Haldane “conjecture”
(although for a modified model).



Is it just “disordered”?
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AKLT state is found to possess several “strange” properties

- S=1/2 “edge state”
- hidden antiferromagnetic (string) order

Correlation function of any (local) observable
  decays exponentially in the AKLT state
                   “quantum disordered”?

talks by Hagiwara & Tasaki

→ Hidden Z2 × Z2 symmetry breaking

[Kennedy 1990]

[den Nijs-Rommelse 1989]

[Kennedy-Tasaki 1992]



Topological Insulators
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2005: theoretical discovery of “topological insulator”

Natural question:
    what would be a generalization of the TI
     to general, interacting many-body systems?

TI looks like an ordinary band insulator in the bulk,
      but a nontrivial phase (e.g. with gapless edge states) 
      protected by a symmetry



Symmetry-Protected Topological Phase
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AKLT state (for odd-S chain) already had
   characteristic features of a SPT phase!

It could have been possible to find the concept
   of SPT phases from AKLT states back in 1990s,
   much earlier than the discovery of TIs

However, it took 22 years after AKLT to 
   reach the deeper understanding of the AKLT state,
   stimulated by TIs and other developments….

What does “SPT phase” actually mean?
                                       ⇒ talk by Tasaki



Matrix Product States
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Original AKLT state: SU(2)-symmetric spin state

Generalizations?



Matrix Product States
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 “physical indices”

“virtual (bond) indices”

Significance of MPS:
  Any gapped ground state in 1D can be approximated
   by a MPS with a finite bond dimension χ

↵j = 1, 2, . . . ,�
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[Hastings 2007]



What does it mean?
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Generic pure quantum state
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(Translation-invariant) MPS

number of parameters: d�2 ⌧ dL
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!!

MPSs are very special among generic quantum states
   (yet can represent general gapped ground states in 1D!)

d: dimension of
local Hilbert space



Why does MPS work??
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Gapped ground states: finite correlation length
A B

Bipartite entanglement entropy between A & B :
                         (“Area Law”)

even for an infinitely long system
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Schmidt decomposition

need                              terms in the sum!

SE ⇠ constant
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Successive Schmidt decompositions → MPS [Vidal 2003]

O(eSE ) ⇠ const.
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Applications…
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Density-Matrix Renormalization Group (DMRG)
 powerful numerical approach to 1D quantum many-body problems

DMRG = variational methods with MPS

New perspectives, systematic improvements,…..

[White 1992]



Higher Dimensions
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Generalization of MPS: “tensor network states”

Who did it first??

[AKLT 1988]



MERA
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Multiscale Entanglement
   Renormalization Ansatz

tree-like structure
   for 1D critical states

 Relation to
   gauge-gravity duality
   (AdS/CFT)

SE / logL
<latexit sha1_base64="ZLePczf3/p03Dg7pnrVNIpDn8NI="></latexit><latexit sha1_base64="ZLePczf3/p03Dg7pnrVNIpDn8NI="></latexit><latexit sha1_base64="ZLePczf3/p03Dg7pnrVNIpDn8NI="></latexit><latexit sha1_base64="ZLePczf3/p03Dg7pnrVNIpDn8NI="></latexit>

[Evenbly-Vidal 2009]

Figure from
[Nozaki-Ryu-Takayanagi 2012]
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Nobel Lecture by F. D. M. Haldane
(December 2016)
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Affleck-Lieb 1986
S: half-odd-integer
   → gapless or
       2-fold g.s. degeneracy

was a generalization of
  “Lieb-Schultz-Mattis Theorem”
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Main Result of “LSM” paper:
  S=1/2 XY chain is solvable
  by mapping to fermions

What about the LSM theorem?

Appendix….
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Generalization of
    the original AKLT state



Magnetization Process?
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H

intermediate
gapped phase?
 

m

 gapless, critical

LSM!
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vacuumSz = S

Sz = S � 1
 particle
   (“magnon”)

 2 particles

Sz = S � 2

⌫ = S +m
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“filling fraction”: particle number per unit cell

⌫ =
p

q

gapless

gapped, with q-fold degenerate ground states

“incommensurate filling” enforces gaplessness,
 a spontaneous symmetry breaking, or a topological order (in d ≧ 2)

gapped, with unique ground state

[LSM 1961] [Affleck 1988] [M.O. 2000] [Hastings 2004]

[M.O.-Yamanaka-Affleck 1997]

valid also in higher dimensions d



Recent Developments
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Non-symmorphic lattice with “glide symmetry”:
    “effective unit cell” is half of the unit cell

⌫e↵ =
⌫

2

filling constraints
   even when ⌫ 2 Z
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arXiv:1705.09298

arXiv:1802.00587

Extensions of LSM-A: field of current active interest!  

talks by Tasaki, Mila, ….



Summary

 28

AKLT not only gave a strong evidence for “Haldane 
conjecture”, but also played a seminal role in subsequent 
development of surprisingly many important concepts such 
as MPS, DMRG, SPT phases, Tensor Network states,
 Quantum Computation, …. in the last 30 years

Ian’s numerous other contributions include 
   applications of CFT (Onsager Prize 2012)
       and  crucial extensions of the LSM theorem

Happy 65th Birthday, Ian!
We expect many more productive years!


